In this paper, a new variant to fractional signal processing is proposed known as the Reduced Order Fractional Fourier Transform (ROFrFT). Various properties satisfied by its transformation kernel is derived.
Introduction
The characteristics of signals of interest determines the selection of signal processing techniques to be applied. Various frequency-based and time-frequency (TF) based techniques are applied and mentioned in popular literature [1] [2] [3] .
In the conventional signal processing methods, the two natural existing variables namely, time and frequency are used exclusively and independently of each other, whereas in the TF signal processing methods, these variables are used concurrently [3] . This means that rather than viewing a one-dimensional signal and some transform, the TF signal analysis and processing investigates a two-dimensional signal, which is obtained from the signal through some TF transform.
The conventional frequency-based signal processing methods rely on Fourier transformation, whereas the TF signal analysis and processing involves many TF transforms, namely short-time Fourier transform (STFT), wavelet transform (WT), bilinear TF distribution/Wigner distribution (WD), Gabor-Wigner distribution (GWD), fractional Fourier transform (FrFT), linear canonical transform (LCT), Stockwell transform (ST) and to name a few [3] .
The ubiquity of the original Fourier transform (FT) has proliferated many important signal and image analysis applications. It is known as a powerful tool which reveals the overall spectral contents by assuming that the given signal is stationary in nature. However, this assumption of stationarity is an ideal assumption and not particularly useful in practical applications [4] , since most practical signals of interest are nonstationary in nature, which have dynamic frequency content. Thus, it is necessary to resort to the TF representation (TFR) that represents the energy density of a signal simultaneously in the TF plane.
Thus, the TF transforms are of great interest among signal processing researchers in varied allied realtime applications due to their natural decomposition of a signal into a function which is localized in both time and frequency. An excellent survey on the state of art of the TF signal analysis and processing and its applications was given in [1] [3] [5] [6] .
In the recent years, along with the various TFRs of signals, various researchers are using the concept of fractional Fourier transform (FrFT), which extends the capabilities of the conventional FT. The FrFT is a generalization of the conventional FT, which depends on an additional parameter and can be interpreted as a rotation in the TF plane [7] [8] . The FrFT has been extensively applied for significant applications in digital signal [9] In this paper, a mathematical investigation is done to determine a new and novel definition of the FrFT -the Reduced Order Fractional Fourier Transform (ROFrFT), which could prove beneficial to fractional signal processing applications and it has not been involved in any literature so far. Its definition with various properties associated with it and its transformation kernel have been derived analytically. Next, thorough analytical derivations is done to determine various analytical expressions of different kinds of signals which depends on the rotation angle. Finally, the convolution theorem associated it is derived with detailed derivations of shift, modulation and time-frequency shift properties.
The rest of the paper is organized as follows. In Section 2, the preliminaries of the reduced order fractional Fourier transform (ROFrFT) is presented, with various properties of its transformation kernel in Section 3 and various properties associated with ROFrFT in Section 4 are investigated along with their analytical proofs. In Section 5, a mathematical investigation is presented for deriving ROFrFTs of different kinds of signals. The new definition of convolution theorem of ROFrFT which will prove to be much beneficial for fractional signal processing society is presented in Section 6 and finally conclusions and the future scope of the proposed work for the fractional signal processing society is summarized in Section 7.
Reduced Order Fractional Fourier Transform: Definition and Integral Representation
As it well known that the fractional Fourier transform (FrFT) is a generalization of the conventional Fourier transform (FT), which was introduced from analytical aspect by Namias and appeared in many applications in optics field at that time. It was around 1990s that its potential capability has appeared in signal processing society. However, with the advancement of science and technology domains, the FT has faced many shortcomings in its nature, where its orthogonal basis are sinusoidal in nature.
For processing practical signals, such as biomedical signals, seismic data, radar, sonar, audio, video signals, etc. the Fourier transformation is not capable to extract the useful information from them and that too in non-stationary environment, so there's a need of signal processing transformation which could process non-stationary signals in non-stationary environment faithfully. Many rich literature are available where various signal processing researchers apply FrFT to solve daily real life problems, whether they apply it for biomedical, seismic, wireless, radar, sonar, audio, video processing etc. applications.
The added advantage of using FrFT tool lies in its nature -the FrFT is a linear transformation where its orthogonal basis is a linear frequency modulation (chirp) signal, so it has the capability to process nonstationary signals efficiently as compared to the conventional FT. Also, it is more flexible and suitable for processing chirp-like signals due to the additional degree of freedom as compared to FT [8] , [9] , [11] , [17] , [18] , [19] . Additionally, through the usage of FT, the whole spectrum of the signal of interest is obtained and it cannot obtain the local TF characteristics of the signal, which is essential for non-stationary signal processing. So many novel signal processing transforms have been discovered by researchers, which has their own advantages and limitations [21] .
However, it's been a decade that the research on FrFT has proliferated in varied research areas of communication, radar, sonar, image, etc. The FrFT can be interpreted as a rotation of the signal in the TF plane by an angle [22] . The time-domain and frequency-domain representations are the two special cases of the FrFT. A fundamental advantage of using FrFT for signal filtering is that the signal of interest can be represented in any domain within the range of the rotation angle, rather than being limited to only either in the time-domain or in the frequency-domain [22] . Mathematically, the FrFT implements the order parameter , which acts on the conventional FT operator. To say, the order FrFT represents the power of th conventional FT operator [8] .
The FrFT is a linear operator with a fractional Fourier order parameter or transform parameter , which corresponds to the th fractional power of FT operator, ℱ, and can be viewed as a counterclockwise rotation by a fractional order in the TF plane. The FrFT of a signal is defined as [9] , [17] , [18] , [19] 
where 0 < | | < 2, the transformation kernel, , = [12] . When = 2 ⁄ , it converges to the classical FT and when = 0, it will be an identity operation. It is seen that the FrFT transforms a signal into an intermediate domain between time and frequency when ≠ 6 2 ⁄ , where 6 is an integer [23] .
Also, it can be inferred from (1) that the kernel , is composed of chirp basis functions with a sweep rate of cot . So the FrFT can be interpreted as signal decomposition into chirp functions. Thus, due to the property of concentration of LFM energy and its multi-domain nature, the FrFT has achieved a wider acceptance in the DSP community [24] .
Based upon (1), it can be seen that the conventional FrFT can be realized in a four step process as mentioned in [9] [25]. As it was discussed in [26] , for the fractional correlation operation with the optical So motivated by the research potential of [26] , the proposed work emphasize the use of new definition of FrFT which could reveal magnificent property and could be applied in various science and engineering applications. Based on a comparison with the conventional FrFT, it is found out that the proposed definition of FrFT -ROFrFT, is easier to be handled analytically, and also all the analytical expressions obtained for different properties, convolution theorem and its properties are much easier to obtain analytically.
The Reduced Order Fractional Fourier transform (ROFrFT) of the signal is represented by
where
Here, and can interchangeably represent time and frequency domains. The transform output lies between time and frequency domains, except for the special cases of = 0 and = 2 ⁄ . Based upon (2), the ROFrFT can be realized in a three step process, which is illustrated in Fig. 1 as follows:
(i) pre-multiplication of the input signal by a linear chirp with the frequency modulation (FM) rate determined by the transform order;
(ii) computation of the scaled FT (ℱ) with a scaling factor of csc ;
(iii) post-multiplication by a complex amplitude factor. 
Properties satisfied by the ROFrFT Transformation Kernel
The transformation kernel of ROFrFT is given by
The transformation kernel of ROFrFT satisfies the following properties:
Proof: The right-hand side of (4) (ii) Complex conjugate:
Proof: The left-hand side of (6) , −
Proof: The left-hand side of (7) becomes
and the right-hand side of (7) becomes
Hence proved.
Properties associated with ROFrFT
This section derives the important analytical properties of the ROFrFT in detail. It is seen that the results are the generalizations of the basic properties of the FT. 
Proof: Replacing by ± N in the integral representation (2) of ROFrFT, one gets
By assuming ± N = Y , i.e., = Y ∓ N one solves (9) as
Solving further, one gets
Thus, the ROFrFT of a shift by N ∈ ℝ of a function ± N is given by
If equals 2 ⁄ in (12), the expression (12) 
Simplifying further,
Thus, the ROFrFT of a modulation by ^∈ ℝ of a function & ±!a is given by
If equals 2 ⁄ in (17), the expression (17) reduces to ] −^ , same as that of FT. ROFrFT.
Simplifying leads to
) TUV ! . , a Wef TWT 
Simplifying further, 
Proof:
Differentiation of () with respect to gives 
The factor in the curly braces of (34) 
Thus, the ROFrFT of the function 
These properties are listed below in Table 1 : Table 1 Properties 
, its integral representation of ROFrFT (2) is given by (2) is given by
Simplifying (60) further, one obtains
where the integrals ž and ž $ are defined as
and
Solving (62) 
The ROFrFTs of different signals are listed below in Table 2 : Table 2 ROFrFTs of some signals 
Signal
which proves the theorem in ROFrFT domain.
It is to be noted from (74) 
This means that the proposed convolution theorem behaves similar to the Euclidean FT, i.e., the convolution in the time-domain is equivalent to the multiplication in the reduced fractional frequency domain, where
Some properties associated with the convolution theorem in ROFrFT domain are illustrated below:
The ROFrFT of P v ⊛ ? © and ⊛ ? P v © is given by
where, the symbol P v represents the shift operator of a function by delay i.e., P v = − , ∈ ℝ.
Proof:
The shift convolution operator P v ⊛ ? © is given by 
Now, from the definition of ROFrFT (2), one obtains
Simplifying (80) 
which proves the time-frequency shift convolution property in ROFrFT domain.
Special case:
In case of FT, (95) and (96) reduces to (for = 2 ⁄ )
